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In the last decade, algebraic tools have proven to be very useful to design high-performance codes for
fading channels, some of which have been adopted in 3G and 4G communication standards, including
WiMAX and terrestrial Digital Video Broadcasting.
In particular, space-time lattice constellations for number �elds and division algebras provide good per-
formance over single and multiple antenna channels [1]. When coding over a single block, the minimum
determinant criterion allows to improve the worst-case pairwise error probability in the high signal-to-
noise regime, yielding codes that are are optimal in terms of the diversity-multiplexing gain trade-o�
[2].

It is perhaps surprising that very little attention has been given so far to the question of whether
algebraic space-time codes can also approach ergodic capacity when we are allowed to encode and decode
over a growing number of fading blocks [3].
In our recent work [10�12] we o�er a partial answer to this question, by showing that the normalized
minimum determinant can be used to measure the gap to capacity of a given family of multi-block lattice
codes. Based on this design criterion, we propose a new family of multiblock codes from division algebras
which universally achieve a constant gap to capacity for a wide class of fading channel models, both for
single and multiple antenna systems.
Our lattice constructions are based on two results from class �eld theory. First we choose the center K
of the division algebra from an ensemble of Hilbert class �elds having constant root discriminant, and
then we prove the existence of a K-central division algebra yielding a dense lattice.

Closing the gap to capacity

Our codes still have a considerable gap to capacity and further research is needed. We note that this
gap depends on several factors. First of all, the normalized minimum determinant a�ects the value of
the gap. Second, our bound for the error probability is based on sphere packing and thus is suboptimal.
Thus, the possible improvements to our construction are two-fold. In the �rst place, one could try to �nd
families of lattices with larger normalized minimum determinant, for instance by replacing the centers
in our constructions with families of number �elds having smaller discriminants. One can also consider
more general examples of lattices, for example ideals of orders, or in the case of number �eld codes, ideals
of the ring of algebraic integers.
In the second place, in our preliminary work we have not considered the issue of shaping. Improving the
shaping properties of our lattices might lead to a better error probability bound. In particular, an open
problem is under which conditions the canonical embedding of a number �eld results in a lattice whose
Voronoi region approaches a sphere.

Applications to physical-layer security

Lattices from number �elds with constant root discriminants have been already considered in the con-
text of lattice-based cryptography [4] because of their special structure. We conjecture that our code
constructions may also be good for secrecy coding over multiple-antenna fading channels.

Previous joint work

I have been collaborating with Dr Vehkalahti since 2011, and I've visited him in Finland several times
(three one-week visits in December 2011, March 2013, June 2014, and a one-month visit in April-May
2015). Our collaboration has led to several joint publications on the topic of space-time coding: a journal
paper [5] in IEEE Transactions on Information Theory, another recently submitted journal paper [12],
and six conference papers [6�11].
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