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Input-output model for homodyne detection '

H-P equation : dU; = (L¢dA] — LjdA; — SLiLidt+ iHeat) Uy, Up = 1. |

Evolution of system :
m System observable (H.P) : j;(X) = U (XQ@ 1)U,
m die(X) = (L (X))t +jr([X, L) AT +je([L7 . XT)dAr

Evolution of field :
B 7= A+ A'}' is essentially selfadjoint on ‘£
m Z; is quantum Brownian motion (selfadjoint+commutative)

m Observation process (H.P) : Y; = Uf Z;U;

Accardi, Y. G. Lu, |. Volovich, “Quantum theory and its stochastic limit, Ch 4.26”, 2002.

1. L
2. A. Barchielli, “Continual measurements in Q.M. and quantum stochastic calculus, Sec 2.2". o8
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Nondemolition property

{Z} is a commutative process and Z; := VN{Z|s < t} is commutative.

Lemma : self-nondemolition property '

9% := vN{Ys|0 < s < t} is commutative for all t € [0, T] with T < eo.

Proof.
E € Zs : an arbitrary projection in the range of the spectral measure of Zg
Quantum It6’s formula on : j(E) = Uf EU;
J(E) = s(E) + J3ir([L*, ED)AA + [Lji(IE, L)) AT + [Lji(L* (E))ar
E=1®E commuteswithL=[L®TlandH=H®1
J(E) =Jjs(E) forany 0 <s <t
A Bounded functional calculus = &y, = U;&z, Us (€ is the spectral measure)
Zy commutative = 9; commutative

Remark : {Y;} is commutative= y(t) = 1(Y;) classical stochastic process

1. L. Bouten, R. van Handel, “On the separation principle in quantum control, Prop 2.1, 2008. /o8



Introduction to quantum feedback control

T Input-output model for homodyne detection

Nondemolition property

Lemma : nondemolition property

Ji(X) € 97 for all X € B(Hs) and t € [0, T] with T < co.

Proof.
9% = U Z¢ Uy
Ji(X) = Uf (X @ 1)Uy € Uy (B(Hs) @1) Uy
PB(Hs) ® 1 commutes with Zy = VN{1 ® Z5|0 < s < t}
(X)) e 9y

Remark : Nondemolition property ensures the existence of conditional expectation.

1. L. Bouten, R. van Handel, “On the separation principle in quantum control, Prop 2.1, 2008. /o8
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Classical filtering theory

Classical filtering theory on (2, 7, P) : reference probability method
Conditional expectation : E(X|G) with G C F
Optimal estimation : IE(XfIE(X|g))2 =minyc;2(g)E(X = V)2
Bayes formula : E(X|G) = EQ(XM|G)/EQ(M|G) with M = dP/dQ
A Girsanov theorem=-define the reference probability Q; s.t. My = dPP/dQ;
Kallianpur-Striebel formula E (f(x;)| %) = EQ(M,f(x;)| 7)) JE My 7)

@ Kushner-Stratonovich equation Tt(f) := E(f(x)| )

1. J. Xiong, “An introduction to stochastic filtering theory, Ch5”, Oxford, 2008 o8
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Quantum conditional expectation

Restrictions on quantum conditional expectation :

observations that is conditioned on must be commutative
m |t ensures that the ‘observations’ can be observed in a realization
m ltis guaranteed by self-nodemolition property.
conditioned observables must commute with (commutative) observations
m |t ensures that the joint statistic of events and observations is well defined

m |t is guaranteed by nodemolition property.

Definition : quantum conditional expectation

Let (4,9) be a quantum probability space, B C 4 be a commutative von Neumann
subalgebra. Then ¢(:|B) : B’ — B is called (a version of) the conditional expectation
given B, if @(@(X|B)S) = ¢(XS) forall X € B and S € B.

9/28
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Quantum conditional expectation

Lemma : existence and uniqueness of conditional expectation

For any commutative von Neumann algebra B and X € B/, the conditional
expectation @(X|B) exists and is unique ¢-a.s.

Proof.
m Existence
m X € B is self-adjoint (classical conditional exp., spectral theorem)
m X € B is not self-adjoint, X = (X + X*)/2+i(X — X*)/2i
m Uniqueness

m Let Aand B be two versions of ¢(X|B) = A—Bec Band Ac B
= ¢((A—-B)*(A-B))=[A- B¢ =0.

10/28
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Quantum conditional expectation

Lemma : optimal estimation

Forany X € B, [ X —@(X|B)|¢ = minyca || X — Yo

Proof.
IX = YII5 = X —o(X|B)+o(X|B) - V|5
= IX—o(X|B)5+ lo(X|B)— Y|
> | X—o(X|B)|5,  VYeB

11/28
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Quantum Bayes formula

Theorem : quantum Bayes formula

Let (44, ¢) be a quantum probability space, B C 4 be a commutative von Neumann
subalgebra. Choose V € B’ s.t. V*V > 0 and @(V*V) = 1. Then we can define a
new state @ on B’ by @(X) := ¢(V*XV), and
o(V*XV|B)

, VXe®B.
o(V*V|B)

o(X|B) =
Proof.

Q(O(V*XV|B)K) = @(V*XVK) = o(V*XKV) = B(XK) = B(B(X|B)K)
=o(V'®(X|B)KV) = o(V* VB (X|B)K) = ¢(9(V* VB(X|B)K|B))
=o(o(V*'V|B)B(X|B)K), VXecB KecaB.

12/28
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Conditional expectation for unbounded observables

Definition : quantum conditional expectation

Let (4,9) be a quantum probability space and B C 4 be a commutative von
Neumann subalgebra. Let X1 B’ be self-adjoint and suppose @(|X|) < c. Then any
self-adjoint operator @(X|B)n B satisfying ¢(¢(X|B)*S) = ¢(X*S) forall S € Bis
called (a version of) the conditional expectation X given B.

Remark :
m . (VN(X,B)) forms a commutative *-algebra (with unit 1) under - and .

m Existence+uniqueness is ensured by classical condit. exp.+spectral thm

1. J. R. Ringrose, R. V. Kadison, “Fundamentals of the theory of operator algebras, pp
351-356", Vol 1, AMS, 1983. \aoe
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Bayes formula (unbounded observables)

Change-of-state operator V in Quantum Bayes formula may be unbounded

Settings for joint system :
m Hilbert space H = Hg @ Hg, dim(Hs) = N < o and g is separable
m 4= HB(Hs)®B(Hg), the normal state ¢ = PR Qg
m Quantum probability space (A4, ¢)
m Bg C B(Hg) : a commutative von Neumann subalgebra
m B(Hs)®Bg C (12 Bg)

14/28
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Bayes formula (unbounded observables)

PB(Hg) ~ An(C) with dim(Hg) = N < o0
©5(Xs) = Tr(pXs), VXs € .#n(C), where p is a density operator
A~ MN(PB(HR)), the algebra of N x N matrices with Z(#g)-valued entries,

Xi1 o Xin

X = €A, X,‘jE%(f}{R),

Xnt - Xaw

the state ¢ on A4 can be represented by

Pr(Xi1)  @p(Xin)
(p(X):Tr(p [ o })
Pa(Xnt) - @a(Xn)
partial state of @' : (X) € #n(C) and @g(X) € B(Hg), forall X € 4
B o(X) = ¢s(9a(X)) = 9a(9s(X))

1. J. Tomiyama, “On the tensor products of von Neumann algebras ”, Pacific J. Math., 1969. 1628
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Bayes formula (unbounded observables)

e%(.’7{3) R Br ~ LﬂN(BF;)

N (Br) : set of normal operators affiliated to Br = *-algebra under + and *
AMn(A (Br)) forms *-algebra under extension of 4 and *

Theorem : quantum Bayes formula

Let V € #n(4 (Br)) satisfying ¢(V*V) = 1. For X € Z(Hs) ® Bg, define

®(X) = ¢(V**X"V). Then ® is a normal state on #(Hs) ® Br. Moreover, if
V*V >0, then

Qg(V*X"V)

OX[1RBR)=1® )
(XLe%) =18 7 vev)

VX € B(Hs) ® Bp.

1. R. van Handel, “Filtering, stability, and robustness, pp 107-108”, Ph.D. Thesis, 2007
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Quantum filtering setup

® quantum probability space (4, ¢)

EM field

Af ,A:

Atom
X)=U, XU,

Output

uP‘AJ‘ ut
u[‘A: U?

Homodyne
Detector

@p is state on B, is vacuum state (e(0),- e(0))

Measurement

Qg is state on H(Hs), finite convex combination of (v, - v) with v € Hs.
A= B(Hs) @ B(Ts(L(Ry))) with dim(Hg) = N < 00, 9 = 95 R 9p

N
>

Y,= U, (A+AD U,

Filter

Estimator,
EE—

7(X)

m self-nondemolition property=- Y; can be observed in a realization

m nondemolition property=- ;(X) := @(j;(X)|9%) is well defined

Objective of quantum filtering

Obtain an explicit expression of 7;(X) in terms of the observations { Ys}o<s<:-

18/28
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Change of state

For all X € B(#Hs) ® 1, define @;(X) = @(Uf XU;), then
0(ie(X)191) = U{®(X|Zt) Uy, ¢—a.s.
Proof.
For any S € Z;, then U; SU; € 9t = Uy Z Uy,
@ (U me(X| 20) U Uy SUr) = 01 (B¢(X| 1) S) = B1(XS) = @(Uf XU U SU).

Remark :

m We should apply Bayes formula (bounded ) for @;(X|Z)

m O(X|Zt) = @(Uf XUr| 2t) /9(Uf Ur| Z2) with Uy € Z4

mlflUicez, Yi= Ui ZUr = Z; = system does not interact with field

m We cannot use U; as change-of-state operator

Objective

Find Vi € n(N (Zr)) st 0(UFXU) = (V2 X2 V;) for all X € B(Hs) @ Z

19/28
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Change-of-state operator

Let Dy, Ft, f-‘t and G; be bounded processes, and let
dVi = (DydA] + FrdAc+ Gralt) Vi, dV = (DA} + FrdAr + Gedt) ¥,
where Vo = . Then V;v® e(0) = Vv ® e(0) for all v € Hs.

Proof.
V; and V; are uniquely defined admissible adapted processes
(Vi — Vv ()2 < Or JE (Vs — Ue)v e e(0) [2ds, with t < T < oo
Gronwall inequality implies ||(V; — ¥)v® e(0)||2 =0
Consequence :
o:(X) = (Uf XUt) = (Urv @ e(0), XUiv @ €(0)) = (Viv @ e(0), XViv ® e(0)), where
dUs = (LidA] — LjdA — SLiLidt — iHdt) Up, Up =1
Vs = (Li(dA] +dAr) — SLiLidt — iHhat) Vs, Vo =1
dAte(0) = 0 =-change of As-integral will not affect the impact of QSDE on vacuum

20/28
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Change-of-state operator in vacuum state

Principal idea : 1 23

spectral thm
—

| z

z; =1(Z;) classical Brownian motion

spectral thm

av; = (Lt(dAf + dA;) — 3 LiLj dt — iH;dt) V; ¢————matrix-valued It SDE
Vi :=17"(solution of SDE) € .#n(-# (Z)) is target change-of-state operator
new V; and old V; have same action on vacuum vector

spectral theorem " . ayon
Vtv®e(0):U;v®e(0) :>(p(Ut XUT)_(p(Vt X Vt)

1. R. van Handel, “Filtering, stability, and robustness, pp 112-113”, Ph.D. Thesis, 2007.
2. L. Accardi, Y. G. Lu, I. Volovich, “Quantum theory and its stochastic limit, Ch 6.3, 2002.
3. R.

L. Hudson, K. R. Parthasarthy, “Quantum Ito’s formula and stochastic evolution, Sec 5. 1 108
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Change-of-state operator in vacuum state

m (Q,G,u), 1: obtained by applying spectral thm on Z;
m z=1U2), Li=L;®1 and H; = H;® 1 are bounded process

Lemma’

Let v; be the solution of the matrix-valued It6 SDE,

avi = (Ledz; — JLiLjdt — iHiat)v,,  vo=1.
Then V; coincides with 1" (v¢) € .#n(-# (Zt)) at least on a dense subdomain
Hs@E' C Hs®E which contains all vectors of the form v & e(0).

m Identify V; with 17" (v¢)

Lemma’

(Dt(X) = (P(U?XU[) = (p( Vl cX* V[) for all X € g(.{]‘[s) R Zy.

1. R. van Handel, “Filtering, stability, and robustness, pp 112-113”, Ph.D. Thesis, 2007.
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Quantum Kallianpur-Striebel formula (Bayes formula)

Theorem : quantum Bayes formula

Let V € #n( (Bgr)) satisfying ¢(V*V) = 1. For X € Z(Hs) ® Bg, define

®(X) = (V** X" V). Then ® is a normal state on #(Hs) ® Br. Moreover, if
V*V >0, then

VERXTY
B(X|1®Br)=1® Ps(VX°V)

, VX e B(Hs)R Bg.
95(V*V) Salichs

Theorem : quantum Kallianpur-Striebel formula

For all X € B(Hs), mi(X) = Uf®(X ® 1| Z¢) U;, where

05(V; (X8 1) V)
o X1 =1®
HXELZ:) 95V V)

m v is invertible "= ViV, >0

m Qg is finite convex combination of (v, v) with v € Hs.

1. P. E. Protter, “Stochastic Integration and Differential Equations, pp 326", Springer, 2005.
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Quantum Kallianpur-Striebel formula (Bayes formula)

m (Q,F,u),1: obtained by applying spectral thm on 97 = U5 ZrUr
m [P : probability measure on ¥ induced by ¢
By =1UY:), Lt =L ®1 and H; = H; ® 1 are bounded process

Lemma’

Let ¥ for t € [0, T] be the solution of the matrix-valued It6 SDE,
dvy = (Lidy; — g LeLidt— iHdt) v, Vo =1.
For any X € #(Hs), define 61(X) := @g(Vi XW), Tt (X) := 6:(X)/G6+(1). Then,
B T(X) = 1(m (X)),
® {¥t}ie[o,7] is @ Brownian motion under Q s.t. dPP = 67(1)dQ.

1. R. van Handel, “Filtering, stability, and robustness, pp 112-113”, Ph.D. Thesis, 2007.
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Input-output model for homodyne detection

Outline of proof.
Bz 21 = L°(Qz, Fz,uz), vy 97 — L=(Qy, Fy,uy)

m 197 — L”(Qy, Fy,uy) acts as 1(X) =12(Ur XU%)

probability measure on #z : EF(1(X,)) = 0(X,), E%(12(X:)) = o(X;)

vt =1UYy) =12(Z) = z; : yy is Brownian motion under Q

= (1(X)) = (@(X @ 1] Z1)) = 1z (1@ BUCTEM) = 7,(x)

For any functional £, of {y:},

E*(F)) =o7(17" (F)) = o(Vi ' (F) 2 vr) = E%(os(V; Vi)Fy)

25/28
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Innovations process

m (9, F,u),1: obtained by applying spectral thm on 97 = Uy Zr Ut
m P : probability measure on ¥ induced by ¢

m y;=1(Y;), Lt = L; ®1 is bounded process

| | (_5[(X) = (PS(V[*XVt)y ﬁt(X) = 6[(X)/6t(]1)

The innovations process 2 := y; — [3 ©(L¢ + L} )ds is a Brownian motion under P.

Proof.
It6 formula : d(_Ft(II.) = (_5[(L[+ Lr)dy[ = T_ICI(L[ + L;ﬁ)ét(l)dyt

G¢(1) is Girsanov transformation

26/28
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Quantum Kushner-Stratonovich equation

Theorem : quantum Kushner-Stratonovich equation
G:(X) and &;(X) satisfy
dGi(X) = Gi( L (X))dt +G:(L* X + XL)dyr,
dRte(X) = T (L (X))dt + (Te(L*X + XL) — T (L* + L) T (X)) 02,
where &o(X) = Tto(X) = @g(X) and L7 (X) := i[Hy, X]+ Li XL — 3 LiLeX — SXLiLy.

Theorem : stochastic master equation

Let p; be the random density matrix satisfying 7t;(X) = Tr(p:X). Then p; satisfies
dpt = Le(pr)dt + (Lpt +peLl™ —Tr((Le + L7 )pe)pe) (dye — Tr((Le + Ly )pe) ),

where po = p and Ly(p) := i[p, He] + LipL; — SL;Lip — 3pLiLy.

Theorem : quantum Zakai equation

Let ¢; be the random nonnegative self-adjoint matrix s.t. 6;(X) = Tr(¢;X). Then,

dgr = Li(pr)dt + (Lot +peL*)dyr,  Go = p.
Moreover, ps = Gt/Tr(Gt).
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Quantum feedback control

Homodyne
detector

yI(t)

Digital
Controller

p—

Spin i

|

B(t)

Magnetic
Optical coils
cavity Probe laser

<

Beam splitter

FIGURE — Experiment setup for feedback control of spin system, which interacts with
an optical field measured continuously by homodyne detection. A magnetic field is
used for the feedback !.

1. R. van Handel, J.K. Stockton, H.Mabuchi, IEEE TAC, 2005.
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