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Introduction to quantum feedback control

. Quantum stochastic calculus

Quantum probability space

Definition : quantum probability space

A quantum probability space (on ) is a pair (4, @), where

m 4 is a von Neumann algebra (on #);

® @ is a normal state on 4.

1

Theorem : spectral theorem

Let (4,9) be a commutative quantum probability space on separable . Then there
exist a finite measure space (€2, F,u), a x-isomorphism1: 4 — L*(Q, F,u), and a
probability measure P < u s.t. 9(A) = EF (1(A)) forall A€ 4.

Remark : commutative probability space is equivalent to classical probability space

1. L. Bouten, R. van Handel, M. James, “An introduction to quantum filtering, Thm 3.3 ", 2007. .
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. Quantum stochastic calculus

Symmetric Fock space and exponential vector

Definition : symmetric Fock space

A symmetric (or bosonic) Fock space over # is 's(#H) := Co @, = H",
H is called single-particle Hilbert space.

oo u®"

= exponential vector : e(u) = @5 U € Fs(H) withu e H

m vacuum vector : (0) =1®H0D0D...

m exponential domain : E(H) := span{e(u)|u € H} is dense in ['s(H)
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Introduction to quantum feedback control

. Quantum stochastic calculus

Fundamental stochastic processes

Theorem : Weyl operator, field operator, differential second quantization
m Yu,v € H,V unitary operator U on %, 3! unitary opezrator (Weyl operator)
W(u,U) on Ts(H) st. W(u,U)e(v) = e UI=lUlF/2(yy + ).
m W, = W(u,1) = B(u) s.t. Wy, = eB(¥) (Stone’s theorem)
B (V) := W(0,U) = A(A) sit. [ (e™) = ™A (Stone’s theorem)

Definition : fundamental stochastic processes on 's(L2(R.))

m quadratures : Qt := B(ilg 4), Pt := B(—1jp4)

m gauge process : At := A(My ) with My, f = 1o 4f, for f € L2(Ry)

Q:, Py, N\t are commutative, they do not commute with each other;
1Y(Qt),U(P;) are Wiener processes in (e(0),-e(0));

*

*

(/) is Poisson process with intensity |f(t)|2 in e‘”"“z(e(f)7 -e(f)).
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. Quantum stochastic calculus

Quantum stochastic calculus

m interaction between system and field = quantum stochastic integral

m domain problem =- restricted exponential domain (allow strong limits)

Definition : quantum probability space

m 7 : Hilbert space of the initial system, @ : state on Z(#;)

m [s(L2(R,)) : Hilbert space of the field, @; : state on ZB(I's(L2(R4.)))
n A= B(H) @ B(Ts(L2(R4))), ¢ := 0 @ ¢

m quantum probability space : (4, ¢)

Remark : suppose #; is finite-dimensional.
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. Quantum stochastic calculus

Exponential property

= exponential vector : e(u) = @, 7, u®"/V/nl € () with u € H
® vacuum vector : e(0) =1®0D0D...

m exponential domain : E(#) := span{e(u)|u € #H} dense in ['s(H)

Theorem : Exponential property1

Let H; and %5 be Hilbert spaces. Then there exists a unique unitary isomorphism
U:Ts(Hr @ o) — Ts(H) @Ts(75) sit. Ue(ud v) = e(u) @ e(v).
Tensor product splitting of e(f) :

m felB(Ry), fq:="Flpg, fisq = Misq fit = e

m e(f) € Ts(L3(Ry)) satisfies e(f) = e(fy)) @ e(fs ) © e(f) (through U)
Tensor product splitting of I's(L2(R4.)) :

m [2(Ry) = L2[0,s] @ L2[s, {] ® LB[t,o0)

B [5(L3(Ry)) = Ts(L2[0,8]) @ Ms(L2[s,1]) @ [s(L2[t,e0)) (through U)

1. K. R. Parthasarthy, “An introduction to quantum stochastic calculus, pp 126-127", 1992. /07
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. Quantum stochastic calculus

Calculus on restricted exponential domain '

Definition : restricted exponential domain

D := span{e(f)|f € L2(Ry) NL™1C(R,)} € E(L?(R4)) is dense in I's(L2(R4.)).

Remark : L"1°° prevents A; from blowing up at finite time.

Definition : allowable operator
B H;@D = span{f® e(u)|f € Hs,u € L2 N L=}
m X on H; @l is allowable, if D(X) = H;®D and D(X*) D D(X).
m For an allowable X, X' is the restriction of X* to HzQD.

Definition : admissible process

m An admissible process is a family of {X,},E]R+ of allowable operators.

m An admissible process X; is adapted, if Xy © e(f) = (Xgy @ e(fy)) @ e(f;)-

1. R. L. Hudson, “An introduction to quantum stochastic calculus and some of its applications ”,
Quant. Proba. Comm., 2003.
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Introduction to quantum feedback control

. Quantum stochastic calculus

Quantum fundamental noises

Q= B(ilp,q), Pr=B(~1jo4), Ae = N(Mu,,)

Definition : quantum fundamental noises

Three admissible adapted quantum fundamental noises are defined as
m annihilation process : A; =1 ® (Q; + iP;)/2,

m creation process : AI =10 (Q—iP)/2, (A)" = AI

m gauge process : A\ =T R A;

W(w @ up, Uy @ Uz) = W(ur, Uy) @ W(uz, Uz)
B(u1 ® uz)e(v1 @ v2) = [B(u1)e(v1)] @ e(v2) + e(v1) @ [B(uz) e(v2)]
N(A1 @ Az)e(vi @ v2) = [A(A1)e(v1)] @ e(v2) + e(vi) @ [A(A1)e(v2)]

1. K. R. Parthasarthy, “An introduction to quantum stochastic calculus, pp 1507, 1992. .
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. Quantum stochastic calculus

Simple quantum stochastic integral

Lemma
Let M; € {At,Aj,At}. For 0 < s <t < oo, 3 an operator AMs 4 on D 4 s.t.
(M: — Ms)y @ e(u) = y & e(ug)) ® AMs ge(u(s 1) @ e(up)-
Let Ls be admissible and adapted (Ls = Lg) @ 1), Ls(M; — Ms) = Ly @ AMs g @ 1.

Proof. M; is adapted, then apply the above property.

Definition : simple quantum stochastic integral

m An admissible process L; is simple, if 3a sequence 0 =1 < -+ <fp <:--
where tp - ccasn—cost. ;=Y L,n]l[tn_’tn“)(t)‘

m Let simple process L; be adapted, simple quantum stochastic integral on H;QD
is defined as [y LedMy := Yoo Ly, (Mg, AT — MiaT)-
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. Quantum stochastic calculus

Quantum stochastic integral !

Lemma : fundamental estimate

For any simple adapted process Ly, || fy LidMf @ e(u)|[2 < CY [ ||Lef @ e(u)|2at.

Definition : stochastically-integrable

An adapted X; is stochastically-integrable (S.l.), if 3 a sequence of simple adapted
processes X[(n) st limpe fy [|(Xe — X,(n))f® e(u)||2dt =0.

Suppose that an adapted process X; satisfies : for each f® e(u) € Hs@D
m the mapping t — X;f ® e(u) is left continuous ;
B supo<s<¢ || Xif ® e(u)|| < oo for each t.

Then X; is stochastically-integrable.

1. K. R. Parthasarthy, “An introduction to quantum stochastic calculus, pp 188-190", 1992. .
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. Quantum stochastic calculus

Quantum stochastic integral

Xt is stochastically-integrable
(m) 2 U (T y(m) 2
lH(fo Dt~ 7 XM am ) 1o e(u)| < 04 TG - XM @ () ot

3 DY dM,f® e(u) converges in H; @ Is, for all f @ e(u) € HsQD

Definition : quantum stochastic integral

For any stochastically-integrable process X;, the quantum stochastic integral is
defined by actions on H®D : [} X;dMif @ e(u) := limy_.. [ X dMyf © e(u), the
limit does not depend on the choice of x(n),

For stochastically-integrable (S.l.) processes (E;, Ft, G, H;), define

T 4
Ir:= / (Etd/\[ + FidA; + thA; + thf)
0
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. Quantum stochastic calculus

First fundamental lemma

i1 = [] (E:dA¢ + FrdA; + GrdA] + Hyalt)

Theorem : first fundamental lemma '
Let (Et, Ft, Gt, Hr) be stochastically-integrable. For all f ® e(u),g® e(v) € Hs®D,

(foe(u), Irge(v))

= /OT (fee(u), (u(t) Ev(t)+ Fev(t) + U™ ()G + Hy) g @ e(v)) dt

:/OT<f®e(u),[17u*(t)] [g; g} {Vgt)}g®e(v)>dt.

1. K. R. Parthasarthy, “An introduction to quantum stochastic calculus, Prop 25.97, 1992. .
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. Quantum stochastic calculus

First fundamental lemma

Outline of proof.

First fundamental lemma for simple adapted process ! :
" g0 — [T ey (n)
(f®e(u), A E"dNig®e(v)) = | u(t)*v(t)(fee(u), E"” g@e(v))dt.
Let S.1. processes be approximated by a sequence of simple processes :
T T
|<f®e(u)7/0 Etd/\tg®e(v)>—/0 u(t) v(t)(f@ e(u), Erg® e(v))dt|
T T
:J@J(f@e(u),/o E,(")d/\tg®e(v)>—/o uv{f®e(u), Erg®@e(v))d|
T
— Iim y/ wvifoe(u), (" — E)goe(v))t]
n—e! Jo

T
< lim o [0 o) I(E"” ~ Egw e(v)let.  Cri=supfluv|:te[0.7])

. T 1/2
< lim ervTlfo o) ( [ IE" - Egee(v|a) =0

1. K. R. Parthasarthy, “An introduction to quantum stochastic calculus, Prop 25.17, 1992. 16/a7
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. Quantum stochastic calculus

Second fundamental lemma

Theorem : second fundamental lemma '

Let (E¢, F, Gr, Hy). (E.,Fl, Gl H) be S.I. For all f® e(u), g® e(v) € Hs@D,
(Irf@e(u), Irg®e(v))
- /OT (Ft @ e(u), (u(t) Ev(t) + Fov(t) + u(t)* Gi+ H) g e(v))
+ /OT (V) Elu(t) + Flu(t) +v* () Gy + H) f® e(u), rg @ e(v)) di

+/0T ((Efu(t) + Gy @ e(u), (Etv(t) + Gr)g® e(v)) dt.

Let (E:, Ft, Gt, Hr) be stochastically-integrable, then (EtT, Ff, Gj, H,T) are S.I. and
I = JT(Ef d + G} dA + F dA] + H] at).

1. K. R. Parthasarthy, “An introduction to quantum stochastic calculus, pp 191-192”, 1992. 6/a7
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. Quantum stochastic calculus

Quantum lIto formula

;
Ir= / (EtdI\; + F1dA; + GdA] + Hyat)
0

T .
Iy = /0 (E{dN\¢+ F{dA; + GdA| + H,dt)

(foe(u). lrg® e(v))
:/OT<f®e(u), [1,u(1)] {gi gﬂ {Vgt)}g®e(v)>dt

(D)o e(u),Irg@e(v)) = (foe(u), lrirg® e(v))
T ! U / ! / /
B o [PHA+HIL+FIG LR+ Fll+FLE] [ 1
*/0 <f®e(“)’ [1,u"(1)] {I{G,—&—G;lt—&-G;l, Ei+ Ell+ EIE;| |v(1) goe(v) )dt
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[ Quantum stochastic calculus

Quantum lIto formula

Theorem : quantum It6 rule !

Let (E/,F},G},H;) and ((E))T,(F))T,(G)T,(H})) be S.I. pair, and (E&;, F;, G, Hy) be S.I. Let Iy
and /; be quantum stochastic integrals of the form

dly = E,dA; + FidA + GdA] + Hyat, dl; = ELdA; + F|dA; + GdA + Hjdt,

Suppose that /;I; is adapted process and l{Eq, liFy, I Gy, IiHz, Ejly, Fily, Gily, Hily, E{Et, F}Et,
E|Gt, F{G; are S.I. Then d(/}I;) = l;dl; + (dl}) I + dl;dl;, where

ldly = [LErdN\ + [ FrdAr + Iy G,dAI + l{Hyat,

(dl)ly = EjlkdA; + F}1,dA; + Gyl dAT + Hi hat,

dlidly = EJE,dI\; + F|E,dA; + E|Gi0A] + F, Gydt,
are evaluated according to the following rules

di\dh | dA  dA,  dA] ot

dA; 0 JdA dt 0
dA; 0 dA, dAl 0
dA 0 0 0 0

ot 0 0 0 o0

1. K. R. Parthasarthy, “An introduction to quantum stochastic calculus, Prop 25.26”, 1992. .
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T Quantum stochastic differential equation

Quantum stochastic differential equation

Quantum stochastic differential equation J
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T Quantum stochastic differential equation

Quantum stochastic differential equation

Motivation and principal idea

Quantum stochastic integral is symmetric on H;QD (dense in Hs; R Ts)
Symmetric operators may have many (even no) self-adjoint extensions '
Cannot interpret quantum stochastic integrals as observables

B Conditions ensure quantum stochastic integral is bounded on H;®QD

Extend to a unique bounded operator on #Hs @ [g(L2(R4))’

Remark : 74 is finite dimensional.

1. M. Reed, B. Simon, “Method of modern mathematical physics, pp 257-259”, 1972.

2. M. Reed, B. Simon, “Method of modern mathematical physics, Thm 1.7, 1972. 20/27
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T Quantum stochastic differential equation

Quantum stochastic differential equation

Theorem : existence and uniqueness

Let H; be finite dimensional. Consider a QSDE
t
V=1 +/ (L1 (5)dAs + Lo(5)dAs + Ls(s)dAY + Ly(s)ds) Vs,
0

where L,(t) is bounded process of the form L,(f) @ 1 on Hs @ s for n=1,2,3,4.
Then, there exists a unique admissible adapted process V; solving the QSDE.

Remark :
m Convention : dMg Vs = VsdMs, dsVs = Vsds.
m The proof can be showed by Picard iteration '

m QSDE with bounded (unbounded) coefficients on infinite-dimensional # and
Fock space with infinite multiplicity is discussed in [2,3].

1. K. R. Parthasarthy, “An introduction to quantum stochastic calculus, Prop 26.1”, 1992.
2. P. Meyer, “Quantum probability for probabilists, Ch VI.4”, LNM1538, 1993.
3. F. Fagnola, “QSDEs and dilation of completely positive semigroups”, LNM1881, 2006.
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T Quantum stochastic differential equation

Hudson-Parthasarathy equation

Theorem : unitary solution

The unique solution of QSDE dV; = (Ly(t)dA; + Lo(t)dA; + La(t)dA] + La(t)dt) V2, with
Vo = 1 is unitary if and only if

(L1 (8), La(1), La(t), La(t)) = (Ws — 1, L} Wi, Ly, SLiLj — ith),

where W, Ly, H; are bounded processes of the form X; ® 1 on H; @ s, W, is unitary and Hy is
self-adjoint.

Hudson-Parthasarathy (H-P) equation :

‘ du; = (W —1)dA — L} W,dA,+L,dAI + FLeLidt—iHdt)Up,  Up =1. ‘
Remark :

m U, is unitary adapted process on % ® I's(L?(R4.)), not a group.

m V= Ol iftzos’[ronl continuous group of unitary operators on
t= Um@t ft<0 gly group y op

H; @ T(L2(R)), with ©re(f) = e(6:f) and (6:F)(r) = f(r+1t), Vf € L3(R).2

1. K. R. Parthasarthy, “An introduction to quantum stochastic calculus, Cor 26.4”, 1992.

1. M. Gregoratti, “On the Hamiltonian operator associated to some QSDEs ", 2000. 207
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T Quantum stochastic differential equation

Quantum stochastic flow

H-Peq: dU = ((W; — 1)dA; — L W;dA; + LidA] + SLiLidt — iHpdlt) Uy

W; =1, Ly = 0 = dU; = iH;Usdt, Schrodinger eq with Hamiltonian H;

H-P equation can be interpreted as noisy Schrédinger equation

observable X on Hg = define quantum stochastic flow ji(X) := Uf (X @ 1) U;
Remark : (H.P) ji(X) = V;(X®1)V; = U (X® 1) Ur. (X ® 1 commutes with ©)

Lemma : quantum stochastic flow '

For any X on #Hs, {ji(X)}cr, is an adapted process satisfying
die(X) = je (Wi XW; — X)dA¢+ e ([LF, XIWe) dA + e (W [X, L] )OA] + je(L* (X))t
with £*(X) := i{Hy, X] + LeXL; — 3(LeLf X + XLeLs) and fjo(X) = X @ 1. Then,
B X — jt(X) is x-homomorphism from %(Hs) to {X @ 1;|X € B(Hs @T5[0,1])}.

m For any X on s, t — jy(X) is strongly continuous.

1. K. R. Parthasarthy, “An introduction to quantum stochastic calculus, Cor 26.5”, 1992. 2307
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T Quantum stochastic differential equation

From quantum stochastic flow to master equation

quantum probability space : (Z(Hs) @ B([s(R+)), 9s @ ¢r)
@s = Tr(p-) with density matrix p on Hs, ¢; = (e(0),- e(0)) is vacuum state

define T; : B(Hs) — PB(Hs) by averaging ji(X) under vacuum state,
(£, Tu(X)g) = (f© e(0),jr(X)g® e(0)), Vg€ Hs
T; = e'£ isone parameter semigroup of completely positive linear operators in
JB(Hs) generated by the adjoint Lindblad operator £*
LH(X) i= i[Hy, X]+ LeXLf — 3 (Ll X+ XLiLF)

Tr(pT:(X)) = Tr(p:X), where p; = P¢(p), one parameter semigroup generated
by Lindblad operator L.

1. K. R. Parthasarthy, “An introduction to quantum stochastic calculus, pp 214-216", 1992. .



Introduction to quantum feedback control

T Quantum stochastic differential equation

Input-output model for homodyne detection

Emergence of H-P equations in physical applications

(finite-dimensional) main system interacts with an electromagnetic field
dynamics of the whole system can be described by
GU(t) = (— iH+ Le&"(1,0) — L}a(t,0)) U(1), U(0) =1,
weak coupling limit' = H-P equation
AUy = (Lj A+ LidA] + S LeLidt — iHhdt) Uy, Up =1.

Evolution of system :
B djp(X) = je(LH(X))at +je([X, L)) dA; +je([LF, X]) A

Evolution of field : influence of system on field
m observation process : Y; := U Z;Us with Z; := At+At+ for homodyne detection
m Z; corresponds to input field

m Y; corresponds to output field (after interaction of input-field and system)

1. L. Accardi, A. Frigerio, Y. Lu, “The weak coupling limit as a quantum functional central limit”.
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T Quantum stochastic differential equation

Input-output model for homodyne detection

System-observation pair (homodyne detection) :

dir(X) = jt(L*(X))at+je([L", X]) A+ e ([X, L]) DA, o(X) = X @1,
dY; = ji(L+ L*)dt + dA; + dA],

where
B L5(X) = i[Hp, X] + LXL* — J(LL* X + XLLY)
m X and L are constants on # in the form X = X® 1

B H; = Ho+ Y, uj(t)H;, H; are control Hamiltonians, bounded u;(t) € R relate to
amplitude of interaction between system and control fields .

Problem on observation : Y; = Uy (At + AI)U,

Does this observation process make sense ? Can we observe Y; in laboratory ?

m A —i—A,T is essentially self-adjoint on ‘E (Interaction picture)

m Self-nondemolition property
1. H. M. Wiseman, G. J. Milburn, “Quantum measurement and control, Ch 3”, 2009.
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T Quantum stochastic differential equation

Quantum feedback control

z
1 Homodyne
¥ detector v l(t)
Digital
Controller
poy !
Spin
i B(t)
Magnetic
Optical coils
cavity Probe laser
<

Beam splitter

FIGURE — Experiment setup for feedback control of spin system, which interacts with
an optical field measured continuously by homodyne detection. A magnetic field is
used for the feedback !.

1. R. van Handel, J.K. Stockton, H.Mabuchi, IEEE TAC, 2005.
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