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Introduction to quantum feedback control

T From classical to quantum feedback control

Classical feedback control

Control objective :
m Stabilize the system towards a target state (stabilization);
m Minimize a cost function (optimal control).

Input (u) Output (y)
) T SO e—
\nput Output
L J
Feedback

Closed-loop control

Open-loop control

m Control input depends on the
information through the system
measurements. (Robust)

m Control input is predetermined,
no feedback is involved.
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Introduction to quantum feedback control

T From classical to quantum feedback control

Classical feedback control

Feedback control with complete observations

El.\(f

— System (x

Controller - Filter

Feedback control with partial observations

m % = E(x:|6(ys<t)) (MMSE), linear function 1t; (/) = E(/(x;)| 6(ys<t)) = I(X:)
m iy (h) = E(h(x)| o(ys<t)) : best estimation of h(x;) given ys<; in L2 (filtering)
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Introduction to quantum feedback control

T From classical to quantum feedback control

Quantum mechanics in finite-dimensional setting

m Density operator : p = p* € CN*N Tr(p) =1andp >0
m Observable : X = X* ¢ CNV>*N

m Evolution : closed quantum system

Schrédinger P.: p(t) = —i[H,p(t)], p(t) = U(t)p(0)U*(t);
Heisenberg P.:  X(t) = i[H, X(1)], X(t) = U*()X(0)U(t),

where H = H*, U(t)U*(t) = 1 and Tr(X(£)p(0)) = Tr(X(0)p(t)).
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Introduction to quantum feedback control

T From classical to quantum feedback control

Quantum feedback control
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FIGURE — Experiment setup for feedback control of spin system, which interacts with
an optical field measured continuously by homodyne detection. A magnetic field is
used for the feedback !.

1. R. van Handel, J.K. Stockton, H.Mabuchi, IEEE TAC, 2005.
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Introduction to quantum feedback control

T From classical to quantum feedback control

Problems on quantum feedback control

How to model the system-field interaction ?
How to model the continuous measurement of the field ?
How to estimate the state of the system based on the measurements ?

B How to design a feedback controller to achieve a control goal ?
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Introduction to quantum feedback control

T From classical to quantum feedback control

Lecture outline

Input-output model, classical filtering theory ;
Quantum probability theory, quantum filtering theory;
Stochastic control theory, literature reviews? 3 ;
B Exponential feedback stabilization of qubit / 2-qubit systems;;
Exponential feedback stabilization of spin-J / N-qubit systems;

A Robustness of stabilizing qubit systems (unknown initial states);
Robustness of stabilizing spin-J systems (unknown initial states) ;

H Discussion on insufficient computing power.

1. R. van Handel, J.K. Stockton, H.Mabuchi, “Feedback control of quantum state reduction”,
IEEE TAC, 2005.

2. M. Mirrahimi, R. van Handel, “Stabilizing feedback controls for quantum systems”, SIAM J
Control Optim, 2007.
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Introduction to quantum feedback control

T History on quantum feedback control

Brief history on quantum feedback control

Belavkin ' (1970s) : quantum analogous of stochastic control theory, Belavkin
quantum filtering equation (estimation).

Hudson, Parthasarathy 2 (1984) : quantum stochastic calculus and quantum
1t6 formula.

Gardiner, Collett® (1985) : quantum analogous of input-output model, quantum
Langevin equation.

Carmichael * et al. (1990s) : quantum trajectory theory (simulation).

Bouten, van Handel, James® (2007) : morden formulation of Belavin’s work.

B &

Serge Haroche, David Wineland : Nobel Prize in Physics in 2012.

1. https://www.maths.nottingham.ac.uk/plp/vpb/vpb_research.html
2. R. L. Hudson, K. R. Parthasarathy, “Quantum lto’s formula and stochastic evolutions”,
Commun. Math Phys, 1984.
3. C. W. Gardiner, M. J. Collett, “Input and output in damped quantum systems : Quantum
stochastic differential equation and master equation”, PRA, 1985.
4. H. Carmichael, “An Open Systems Approach to Quantum Optics”, Springer, 1993.
5. L. Bouten, R. van Handel, M. James,“An introduction to quantum filtering’, SIAM. J. Control
Optim, 2007. 030
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Introduction to quantum feedback control

T Open quantum system

Open quantum system and master equation

Environment
(Hg, pg)

FIGURE — Open quantum system : a quantum system interacting with an external
environment (a gas of particles, a heat bath, a beam of photons, etc.)

m Hamiltonian approach : Hyyt = Hs® 1+ 1s® He + H,.
m Markovian approach : focus on dynamics of quantum system

m Master equation method : describe dynamics of quantum system by
tracing out degrees of freedom of environment
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Introduction to quantum feedback control

T Open quantum system

Open quantum system and master equation1

system-environment state : p on Hs ® He

partial trace : Tr(Try (p)Xs) = Tr(p(Xs ® 1)), Xs on Hs
quantum state (marginal) : ps = Try_(p)

initial state (uncorrelated) : p(f) = ps(t) ® pe(t)

time evolution : p(t) = U(t, 1) (ps(t) @ pe(te)) U*(t, to)

@ time evolution of quantum state : ps(t) = Try, (p(t))
Born-Markov approx : weak coupling + environment short memory

B Master equation : Zps(t) = L(ps(t)), with Lindblad generator

L(ps) = i[Hs,ps] + L; (LipsL; — LiLips — 3psLiLi).

1. H. M. Wiseman, G. J. Milburn, “Quantum measurement and control, Ch3’, Cambridge, 2009. 12730



Introduction to quantum feedback control

T Open quantum system

Input-output model for Markov quantum systems

Output field Boy:(t)

Input field b;,(t)

X

FIGURE — A quantum system weakly coupled to a single electromagnetic field

Motivation :
m allow to calculate the output field

m connect field and continuous measurements

Electromagnetic field : a collection of quantum harmonic oscillators
m annihilation operator by, creation operator b,
B CCR : [bw, bwy] = 0 and [by, bjy] = 8(0— ')
m h.o. Hamiltonian : Hy = ®b},be

m field Hamiltonian : He = [~ b} bpd®
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Introduction to quantum feedback control

T Open quantum system

Input-output model for Markov quantum systems

m Total Hamiltonian : Hypt = Hs + He + H|,
He = / obl,bod®, Hj =i / K(0)[655C — boC*ld® (RWA),

with C : system operator, k(®) € R : coupling constant.

m Time evolution of bg, in H.P.
G bo(t) = i[He + Hi, b (1)] = —iobe(t) + k() C(t),

. t
bo(t) = e "®'bg +K(0))/ e~ (t=9) o(s)ds, (not Markovian)
0
with b (0) = by, C(0) = C, C(t) : time evolution of C in H.P.

m Time evolution of system observable X in H.P.
§X(t) = ilHs + Hi, X(1)]

= i[Hs7X(f)]+/;K(03)(bfo(f)[x(f)»0(f)] —[X(1), C*()]bu(t)) do,
with X(0) = X and C(0) = C.
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Introduction to quantum feedback control
L

— Open quantum system

Input-output model for Markov quantum systems

m First Markov approximation : k(@) = \/y/2n

Input field : bj,(t) := \/ﬁ 7, e @by dwm satisfies
[bin(s), bin(1)] = 0, [bin(s), bin(1)] = 8(s — 1).

[, e de = 2n3(t) and [§ C(s)8(t — s)ds = C(t)/2

® Quantum Langevin equation :
SX(0) =+ilHs, X(O]+A(bip(DIX(1), (O] — [X(1), C* ()] bin(1))
+Y(C(DX(1)C(t) — 3C (1) C()X(t) — X (1) C (1) C(1))

B by(t) = e by(T) — k(w) [T e (=) C(s)ds, for t < T

Output field : by (t) := \/ﬁf e (t=T) b (T)do = VIC(t) + bin(t)
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— Open quantum system

Quantum Langevin equation implies Master equation

In vacuum state |0) :
® bin(t)|0) = (0[bj,(t) =0, (0]0) =1,
m White noise : x(t) := bjs(t) + by (t) and y(t) := ibin(t) — ibj; (1)

(x(t)) := (0[x(t)[0) = 0, (x(t)x(s)) = 8(t —s);
(y(1)) = (0ly(8)|0) = 0,(y(t)y(s)) = 8(t—s)

(]

®m pe =10)(0] and Tr(X(t)ps @ pe) = Tr(X(t)ps) implies
GX(1) =+ilHs, X(O] +v(C*(DX(DC(t) — FC () ()X (1) — X (D) C (D) C(1))

m Tr(X(t)ps) = Tr(Xps(t)) implies Master equation
Gps(t) = iHs,ps(t)] +v(Cps(t)C* — FC*Cps(t) — 3ps(t)C*C).
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Introduction to quantum feedback control

T Open quantum system

Input-output model undergoing homodyne detection

System-observation model (partial observations) :

@X(1) = +ilHs, X(] +y(C (DX (D C(1) = C* () C(1) X () — 3X(1)C* (1) C(1))
+VABR(OIX(1), (O] = [X(1), C* (1)]bin(1))
)=

d ﬂ(bout(t)+bout(t) (C(t)+C*( )) \ﬁ(b/n(t)+b;1(t))

Input Output ISRVl Observation Estimation
System (X) - ;
field field detection T (X)

FIGURE — Diagram of quantum filtering setup

= Quantum probability theory (conditional expectation, stochastic process)
® Quantum filtering theory (explicit expression of 7;( X))

m Stochastic master equation (matrix-valued stochastic differential equation)
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L

‘— Classical filtering theory

Classical non-linear filtering theory

Classical non-linear filtering theory )
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Introduction to quantum feedback control
L

‘— Classical filtering theory

Classical probability theory

= Probability space (2, ,P)

* Q : sample space, the set of all possible outcomes;
* F :c-algebra of subsets of €2, a set of events;
* P: F —[0,1] : probability measure on ¥ .

m Real-valued random variable X : Q — R, X~ '(E) € ¥ forall E € R.

m Expectation of an integrable r.v. X : E(X) = [,cq X(®)dP(o).

Theorem (Conditional expectation)

Suppose X is an integrable r.v. on (Q, F,P), and G C F . Then there exists a r.v.
E(X|G) called the conditional expectation of X given G s.t.

E(X|G) is G-measurable ;
forall G € G, E(X1g) =E(E(X|G)1g), where

E(X16) = [ X(0)dP(0). E(E(XIG)Le)= [ E(XIG)(®)dP(o).
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Introduction to quantum feedback control

‘— Classical filtering theory

Properties of conditional expectation

if X is independent of G, then E(X|G) = E(X);

linearity: for all o, f € R, E(aX +BY|G) = aE(X|G) + BE(Y|G);
stability: if X is G-measurable, then E(X|G) = X;

module property: if X is G-measurable, then E(XY|G) = XE(Y|G);
tower property: it £ C G C ¥, then E(E(X|G)|E) = E(X|E);

[ law of total expectation: E(E(X|G)) = E(X).
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Introduction to quantum feedback control
L

‘— Classical filtering theory

Optimal estimation

Lemma (Optimal estimation)
Let X be an integrable r.v. on (2, F,P), and G C F. Then E(X|G) is the
unique G-measurable r.v. satisfying

E((Xf]E(X|g))2): min _ E((X—Y)?).

YEL?(Q,G,P)

L*(Q)
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Introduction to quantum feedback control
L

‘— Classical filtering theory

Bayes formula

Theorem (Bayes formula)

Suppose that X is an integrable r.v. on (2, F ,P), and G C F. LetQ > P!
be another probability measure such that M = dP/dQ?2. Then

E%(XM|G)

E(X|G) = EOM[G) P—as.

1. [P is absolutely continuous w.r.t the measure Q.

2. Radon-Nikodym derivative 2730



Introduction to quantum feedback control
L

‘— Classical filtering theory

Brownian motion

Brownian motion

Real-valued one dimensional Brownian motion W; can be characterized by
Wo=0;
W; is almost surely continuous ;
W; has independent increments ;
B (W,— W) ~N(0,t—s),for0<s<t
R"-valued process W; = (W}, ..., W) is n-dimensional Brownian motion if
WQ ,-.., W{ are independent Brownian motions.
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Introduction to quantum feedback control
L

‘— Classical filtering theory

It6 formula

Theorem (It6 formula)

Let X; be an Ité process dX; = f(t, X;)dt + g(t, X;)dW;. Let h(t, x) be twice
continuously differentiable in x and once in t, then Yy = h(t, X;) is also an It6
process and

oh
ay; = fh(t,Xt)dt+ ag(t,X[)th,

oh oh 10%h >
= E—F a—xf(t,Xt)+ éa?(taxt)g (thf)’

which is computed according to the following It6 rules

fh(taxt)

didt = dtdW; = dW;dt =0, dW;dW; = dt.
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L

‘— Classical filtering theory

Classical non-linear filtering theory

System-observation model (partial observations) in (Q, F,P) :

ax; = b(x;)dt+ c(x;)dW,
dy[ = h(Xt)dt—l— dBt,

Xo is Fo-measurable r.v., F; := 6{Ws,Bs|0 < s < t}
x; € R : signal process of interest

]
]

m y; € R : observation process

m B; and W; are two independent Brownian motion
]

b, ¢ and h are bounded and Lipschitz continuous mappings

Describe the optimal estimation 7;(f) := E(f(x;)| ) of f(x) in L2 sense
based on the observations up to time t, T,y =0o{ys:0<s<t}.
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Introduction to quantum feedback control

‘— Classical filtering theory

Classical non-linear filtering theory

m Innovations method : show innovations process is a Wiener process, express
n:(X) as integrals w.r.t time and innovations process (martingale techniques);

m Reference probability method : define a reference probability by Girsanov
theorem, under which signals (x;) and observations (fF,y) are independent.

Theorem (Girsanov theorem)

Let W; be an m-dimensional Ft-Brownian motion on (2, ¥ ,{ ¥t}[o,7],P). Let
Xi = fot Fsds+ W; for t € [0, T]. Suppose that F; is It6 integrable and define

T T
er=on(~ [ (Fyaws—3 [ IF|fas).

If Novikov’s condition IEP [exp(% I ||F5||2ds>] < oo is satisfied, then { X;}sc(o,7] is
an F;-Brownian motion under Q7 (A) = EF(&11,), forall A€ Fr.

Remark : €7 is a martingale under IP (Novikov). For all A€ F; with t < T,
Qr(A) =EP(€714) = EF (E¥ (€11 F)) = EF(¢14) = Qi(A)
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Introduction to quantum feedback control
L

‘— Classical filtering theory

Classical filtering theory : reference probability method

System-observation model in (2, F,P) with F; := o{Ws,Bs|0 < s<t}:

dx; = b(X[)di—‘r C(Xt)th7
dyt = h(Xt)dt-i- ch

m 9% = ¢ with & = exp ( JEn(x)dB — 1 ’h2(xs)ds), define M, = ¢!

Cw] 0 Wil oo o .
m Y= {y;} = {fot h(xs)ds} + {BJ is 2-d F;-B.M. under Q; (Girsanov).

m W;, y¢ and xq are independent (xg is Fo-measurable r.v.).

Kallianpur-Striebel formula (Bayes formula)

EQ’ (Mtf(Xt)lﬂ‘—ty) . G!(f)
EQ (M|7Y) o(1)’

m(f) :=E(f(x)| 7)) =
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L

‘— Classical filtering theory

Zakai equation

m It6 formula :

t t o dof t
Mif(x) = f(x0) + /0 My ZF(xs)ds + /0 Ms 2 o(xs)ds + /0 Mof(xs) .

ﬁy)

T/) +E (./OrMsh(xs)f(xs)dys

m Taking conditional expectation :

E (M () | F7) =E% (1(x0) | ) + E ( [ w1055y

todf
4+ E@ (/0 Msac(xs)dWs

)
m Reference probability (independence) ' :
t
E& ( / Fsds
0
t
EQ ( / Gsdys
0
t
E ( / GsadWs
0

1. J. Xiong, “An introduction to stochastic filtering theory, Ch5”, Oxford, 2008

t
ﬂ) = [ES (i),

t
9:{}’) :/0 EQr(Gs‘fsy)d.Vsy

7/) =0.

28/30



Introduction to quantum feedback control
L

‘— Classical filtering theory

Zakai equation

E% (Mef(x)| ) ZEQ’(f(Xo)lfry)+/OtEQ‘(Ms$f(Xs)\Tsy)ds

+/ "B (Moh(xe) (x6)| 7 ) .
0

B Fors < t, Qi(A) = Qs(A) = EQ(MsF(xs)| ) = EQ (MsF(xs)|FY) = 0s(F)

Zakai equation

Suppose f € ? and all derivatives of f are bound,

oi(f) = Go(f)+/0t05($f)ds+/otcs(hf)dys, oo(f) = EE(f(x0)),

where (hf)(x) = h(x)f(x).
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L

‘— Classical filtering theory

Kushner-Stratonovich equation

Kallianpur-Striebel formula

_EU(Mf(x)| ) oilf)

EQ(M|7)  oi(1)’

m(f) = E(f(x)| 7)) =

Kushner-Stratonovich equation !

Suppose f € 2 and all derivatives of f are bound,
t t _
m(f):no(f)Jr/O 7ts(.$f)d3+/o (ms(hf) — s (h)ms(f))dBs, To(f) =EF(f(x0)),

where dB; = dy; — m¢(h)dt is the innovation process, which is a fty—Brownian
motion under P.

Remark : Kushner-Stratonovich equation is not a SDE for 7t;(f), since the integrants
ns(-Zf) and mg(hf) can not be expressed as functions of mg(f).

1. J. Xiong, “An introduction to stochastic filtering theory, Ch5”, Oxford, 2008
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